
Math 4550-Groves



In this class we will be interested

in studying a mathematical object

calledaG
,
x) is a set

With a binary operation * such
that

four properties
hold :

OCclosure) If a
,
beG ,

then axbeG .

② Cassociativity) If a
,

b
,
ceG ,

then

a + (bxc) = (a + b) *

③ Cidentity
element) there

exists an

identity
element efG such

that

axe
= exa

= a
for all aEG .

inversesaThe terexa = e

-



E: <I+] is a group where

2 = E ...,
-3

,
-2

,
-1

,
0
,

1
,

2
,

3
,
...

is the set of integers.
assumptions

↳ If a
,
b are integers, um 2

then ath is an integer. that& we won't

② If a ,
b, c are integers, prove

then a + (b + c) = (a + b) +

③ e = 0 is an identity element

Since Ota = a + 0 = a

for any integer a

④ Given at 2 we know b = a

is an integer and at - a) = 0

and (-a) + a = 0.



EX: <R+) is a group where

IR is the set of real numbers .

#

I
assumptions

① If a
,
be IR, & on IR

then a + be IR
that we

② If a ,
b

,
celR, Won't

then a + (b + c) = (a +b) + prove

③e = 0 is in IR and Ota = a + o = a

for any aE

④ If a ER ,
then b =

- a
is in IR

and a + ( - a) = (- a) + a
= 0



E:R under multiplication ·

is not a group.

Properties D, will hold

with e = 1 in 3. However

① will not hold . Why !

Pick a = 0
.

Then there

is no b where Ob =
ww

a . b = 2



Ex: Let IR
*

= IR-503 from IR-
remove

*

/11/10/1x111111/ R

S I

- 2
- I

Then IR* is a group
under multiplication

① Let a
,
beR*. Then a

,
belR and

a fo,
b + 0.

assumptions

Since GelR and belR we

& on IR

know ab El. BY the way

we there are

Since a to and bo
groups where

know ab + 0. a+ 0 and bo

but ab = 0.

Thus ,
abe M*.

② Let a
,

b
,

c ERR*. The3 property
it

we won It

a . (b - c) = (a - b) . c prove



③ e = 1 is in IR* and a. 1 = 1 . a = a

for all a EIR*.

④ Let GER*. Then aEIR
,

a t o.

Thus
, b = EIR and b 70.

And t . a = a. = 1
&

E
-



&ef : A group <G , *Y is

abelian if a + b = b + a

-

a
,

bEG .
for every

-

Ex: (2,+) is abelian

<R,
+) is a

belian .

< I*, ) is a belian

:The set of rational numbers

Q = 5 = (a,
b2

,
b + 0]

is an abelian group under addition



E: (Integers module n

Recall that it a, be

divides b if
then A -

2 with

there exists RE
then

b = ak .

If so

we write ala divides b"

-

Ex: 5/15 because
15 = (513)

R

61 - 42 because
-42 = (6)



Recall from 3450 :

Let ne2 ,
n32 .

Given a,
beZ we

write a = b(mudn)

ifM divides a - b.

Forexample ,
102 (mud4)

10-2 = 8 and 4 divides 8.

because

-[
-

8 apart
a multiple of

-4
apart

In Math 3450, you
show that

mod n is an equivalence
relation.

Hence the set of equivalence
classes

= = 5319EZ and y =x(modn)]

partition X.



For example,
if n = 2

,
then

: = 5y/ye2 and y = 0 (nod21]

= Eras-6,

-4
,

-2
,

0
,

2
,

4
,

6
,

8
, 11]

T = Ey(y2 and y = I (mod 21]

= Ging - 5
,

- 3 ,
- 11 ,

3 ,
5,

7
.... ]

~
Note,

5 = 53/y = 5(mod2)]

= E ...,3
,

-1
,

1
,

3
,

5
,
7

,
9

,
11

, ...

= T



and

= = Ey(y = - 2(mod2)]

= 5 ...,
- 8,

-6
,

- 4
,

- 2
,

0
,

2
,
4

,
6...

=

The unique equivalence classes

modulo n = 2 are , T .

-

For general n
,

the unique

equivalence
classes

are

-

,T
,

I
, a

n - 1

define the eintegers

We

modulo n
to be

-

En = E ,
T, ,



In In one has :

·=↳ ift a = b(mrdn)

· If you divide n into X

and get remainder 5
,

then

- = T .

· Define
-

a + 5 = a + b

-

5 : 5 = ab

Math 3490/4460 you
show

In

operations are
well-defined.

these



Ex: 20 = 5 ,
T

,
=

,
3

,
4

,
5)

5 + 5 = 5 = 2
10

8 = 2 (mud 6)&divide
since

-

=remainde

5 + 4 .5 = 5 + 12 =T7 =5

eway-

FindI F17-5 = 12 ⑤
and 6112 remainder



In6 we have : identity is

=+0 = 0

T +5 =5=

E +T =5 =

-
5 +5 = 5=

-

3
-

- π+z = 5 =
0

Z
-

-,sti=

Theorem: The set In is

a group
under addition

The identity element is

5

.

The inverse of a isa =a.

In is an
abelian group.

Further ,



Proof: (Skip in class)

① Given a
,
b In with a, be we have att=the In

since abe 2.

②Given,
5
, 5 In we have

a + (5 + 2) = a++
=a + b + c)

=b) + c =+b + 2
X

since 2 J
= (a +5) +c&isassociative

under +

③TE In and given Ye In We haveE-

-

5 + X=+ X = X

Y+o = x+ o =

So
,
t is an identity element.

④ Let eZn with XeZ.

Then EXEZn and

x + Ex)=x =J

(x +y = =x =0

So,x is an inverse for

⑤ Given ,j In with X
, y - I we have

-

x + y = x +y = 55x = 5 + x

E~is able

So
,

In is abelianL
By Q-5 ,

In is an abelian group.



Def: A group table is a

-

table of all the group

done like this
calculations

G

:F



Ex: Let's calculate the

group
table for Es = S ,

i
, 2]

=>



Ex: (The noth roofs of unity

Recall that the set of complex

numbers is

k = Sa+bi)a ,
be R]

-2
= 1 .

where e

M

3i =
0 +3i

&

-

-2 = -2 + 0i

- ⑨

3 = 3 + 0i

1 I Iti

-

*
-i= 0 - i

-

-Li ·

I 2 - 35



In Math 4680 , you will study

the complex exponential function .

Part of that will involve

Euler's formula .

Define
&

Eulers

Or - formula
e = cos(0) + isin(t) O

when E is a
real number.

oi

cUnit circle

in



For example,

gr = cos(E) + isin()

F= 0 + i = )

= i circle

and

cos(-) + isin (

=-

··-i



keyfacts
:

-itHe sai
2πki

= 1 + i0

= /

·



Therem: If 0
.,

G EIR,

#
,
i Oz i (A ,

+ 02) i

then C · e = 2

Frof:

=(os(Filtisir( 1](cos() + isin(fn)
-

=(os(t)cos(52)
- Sin (51) sin(tn)
*

+ (cos(5 ,)sin(On) + sin(5.) cos(Ex)

test = cos(5 ,
+ 82) + is in (A , + On)

-
dentities (5 ,

+ 82) i

I = C

-
#



Define thehrootsof

Unity to be

-
= 51 ,

- 13

it
creat



In Math 4680 you show that

Un = ((e)m)k= 0
,

1
,

2, ..., n- 13

= 5999' , 9, ...
ga

-

13

Thereby = 37,
3

,3
i i

where S = C
=

e

S ~

unit circle

⑳ Eis"
g
=/·&



Them: Un is a group

under multiplication.

The identity element is 1
.

Furthermore ,
Un is abelian .

#roof: (skip in class

① Let Z
, zzEUn .

Then
,

z = 1 and z = 1
.

So
, (z ,

72)" = zYz = 1 . ) = 1 .

F↳ because multiplication is commutativeS

-in 4

So
, ZiZnEUn .

② Given a
,

b
,
c Un we

have

a . (b . c) = (a - b) - c

multiplication.

because K is commutative under

③ I = 1
.

Thus, IEUn .

↓ (E)
↑

giving t
Un .

⑪ If z= 1
,

then 1 = zn
=

⑤K is commutative under multiplication



This
,

a . b = b . a if a, be Un.

By D-5 we have that Un is

an abelian group. #-

#contaf



Some multiplications in Us = El , 3
,
93

=s

9 . 9 = 93 = (e) = e=

se= " = 9:3 = 1 . 3 = 9

ter

#



Ex: Vy = 59: 3 , 54533 = 31,
3

,
9593

where S ==i
- #i

S = C

- -

Ti S
- unit circle

S

~
e &

- #y =
⑨-

3·
-

↑

↑

&
-

g

Here S= 1.

So for example ,

gg= g = " =

And 193" = S because 39 = g"= /



Example: Dihedral groups

Let n7, 3. The dihedral group

Dan is the set of symmetries
of

the regular n-gon can n-sided

polygon with each side of equal

length ,
ex : equilateral triangle,

square,
pentagon , hexagon, etch.

The operation on two symmetries

is function composition.

It'slook at Do (n = 3)
,

the

symmetries of an equilateral triangle

3

2

& 3you



⑭
3-2Example products :

-

3

3

get
I



·
3

Here Da = E1 ,
r
,

r2, s ,
so

,
so

WhereI is the identify function,

r
- = r

r= 1
,

s= 1
.

So , -
since rr2= 1

and S = S
-

since Ss = 1

Also ,
rs = srsr2 and rs =

srEsr

=st:Check

3

[
2



Let's do some
calculations in

Do = E1 ,
r

,
r

,
s

,
sr

,
s 3

Main things to use are :

5 = 1
,
r = 1

,
rs = St

,
Es = st

r- r
,
r= r

Here we go:

risr = Str = sr

(Sr((sr) = Syr = Si r = s = 1

⑫
(sr)(rY) = Sr = s L

(r4(sr) = Eyr = Sir = Se =
-"= s

Note (sr)(r" * (r(sr) So Do is not abelian.

In HW you
will calculate the group

table for Do .



For general Dan ,
n33 we have :

- I

Dan = E1,
~
,
r, s

,
sr

,
s,

sig

For a derivation
where I

of these facts

rV = 1 See the free

textbook.[Judsons = 1
It's in section

r
-k

= n
-
k

5 .
2.

rks = gr= gr
-k

-

Ex: Do = [1,
r
,
r r, S

,
Sr

,
srsr]

r" = 1
,
s= 1

computations
:

some

23

rsr =
srr = sr

s(sr(sr) = Sust = r'su = se =
sat

= Sri - =
Sr

T



Let's review some Muth 2550 so

we can
look at matrix groups

-

-

Given two matrices A = (a)

and B =(f) ,
then

AB = (a)(ii)
= (rab)

: (g) (ab) . (5) (
(cd) · (g) (d) · (2)

For example,

(is)(5 -3) = (()(x(5) I
( 3)(4)((3)(-3)

100 + 1 . (- 3)

= Lint - 1 .
0 + 31 - 3) = ( %

-=6)



Recall that I = (8
%)

is the identity matrix.

A matrix A is invertible
if

there exists a matrix B where

AB = I = BA .

A = (i) is

Furthermore, det (A) = ad-bc + 0

invertible iff

And if this is the case
the

A= ( )
For example ,

it A = (2)

then
det(A) = 3 - (-2) = 570 .

So,
A is invertible and

YS)
A" = -(- 2 i) = (4



Another fact is

det (AB) = det (A) det (B)

when A ,
B are matrices.

END OF 2550-W- FACTS

Meurem: Let

GL(2, 1) = ((h)(ab , CdER]
ad - bc + 0

be the set of 2x2 matrices

will real number coefficients

that have non-zero
determinant

.

Then , GL(2 , IR) is a group
under

matrix multiplication.
The identity

element is I = (oi) and if

(i) EG2(2 , 1) then (2)"= actc()



A
roof : (Skip in class)

① Let A
,
BEGL (2 , 1) with A = ( & ) and B = (2)

Then AB = (getby afthasa number entries

Also since A
, BEGL(2 , IR) we know

det (A) to and det (B) # 0.

Thus
,

det (AB) = det (A) def (B) * 0.

TSo
,

ABEGL(2 ,
IR)

.

② Let A = ( & ) ,
B = (h) , c = (e) EGL(2 ,R).

A(BC) = (i)(ifk eta
aeitafk + bgi + bhk aej + afl+ by

I (eitcfk + dgi + ahk cej + c +l+ cyj +ch)

(ebg

Then,

=

- /(ad-b)a/(ad- bx)

I= (AB)C

③ I = (bi) (GL(z , 1)

# Let A = (g) EGL(2 , IR) .
Then

,
ad-ba # 0 .

Set B = a (c) . Then ,
det (B) =a

So , BEGL(2 , IR). And

AB = (b)(dxad- bc)
- b(ad- bc ( = (ii)

BA = (_ddb-bad) ) = (vi)a/(ad- bc)



Thus, B is an inverse for A.

I By D-0
,

GL(2, IR) is a group under matrix mult
. I#

-

Some calculations in GL(2, 1R) .

A = (2) = B = (42)

det(A) = - 10 so AEGL(2, IR)

det (B) = 4 - 2 = 20 so BEGL(s ,
IR)

AB = (2) [t4) = ( - -2)] AB BA

GL(2 , IR)

is not

BA = (2) = (4) abelian !

A = (ii) = (0)

B = (2) = ( -(i)



Therem: Let < G
,
*) be a group .

Then :

① The identity element e is unique.

② Each element aeG has a unique

which we
will denote

inverse

by a!

③ If neG,
then Cal= a

~It a
,
beG,

then (axb)"=
b + a

of:

① suppose
e
,
enef are both identifies .

That is,

e
,
xa = axe ,

= a

e* a
=

axe z
= a

for every
at G.

e ,
= e , 2 = 2

Then, ↑ ↑

E =a

a= a * 22



② Let aEG . Suppose b be1

are
both inverses for a

Then,

atb ,
= b, a = e

a + b
=

= bz* a = e

Thus ,

=

a + b
,

=
eakb

multiply by b
,

on the left to get

b
,
x(a+b , ) = b ,* (ax bz)

Then by associativity

(b ,
+ a) + b ,

= (b ,
+ a) + b

-
2

-
2

So
,

ex b
,

= ex b

Thus,

b
,

= be



③ Since

axa = e
and a * a = e

by def of inverse
we

have (at ) " = a.

④(a + b) + (b"x)
- 1

= ((a + b) + b) + a

-I

= (a + (bx b )) + a

- I

= (a + e) + a

-

-
a +

a

-

- C

Thus ,

(a*b)" = b+ a !

#



#otation: When

abstract group dealingwithaa se

the following conventions.

· We
will just write ab

instead of atb for simplicity.

aabcbdd
For example,

axa + by c + b * d* d .

means need

· By associativity we
never

to use parentheses
anymore.

then

·
If his positive

integer ,

a =
aga

.... a

-
n

times

=(a) ... (a)

n
times

a = e



For example,

a = aaa

"=''cat

a 63c= aaa
bb"b"

-

In HW 1 we will still see

the * notation in proofs

for abstract groups but

after that we will drop

the notation.


